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Star means highly recommended.

Problem 1%*. Let n > 3. Construct an injection Dy, < S,,. Prove or disprove:
S, is the smallest symmetric group into which Ds,, embeds.

Solution. The idea is as follows. Recall that Ds,, is the group of rigid symmetries
of a regular n-gon, whereas S,, is the group of symmetries of the n numbers
1,...,n. Thus, thinking of the numbers 1,...,n as labeling the n vertices of a
regular n-gon, the elements of Dy, (injectively) become elements of S,,.

More precisely, recall that

Do, = (r,s | " =s>=1,rs = sr™ 1),
so the homomorphisms from D5, to any group G are given by
Hom(Da,,G) = {(u,v) € G | u" = v* = 1,uv = vu~'};

spelling it out, a homomorphism ¢: Dy, — G corresponds to (¢(r), ¢(s)), and
(u,v) corresponds to the homomorphism ¢ taking v +— r and v — s (which
exists by the universal property of quotients). Consider the elements
(1n)2n—-1)---(5§ —-1%) neven

— n

(2n)B3n—1)--- (%2 =) podd

u=(12---n) and v:{

of S,. Certainly u" = v? = 1 and

vu"tv = (v(n) v(n —1) -+ v(2) v(1)) = {(1 2---n—1n) neven

(23 ---n1l nodd

so there is a map ¢: Dy, — 5, taking r — u and s — v.

Let us show ¢ is injective by showing that no nonidentity element of Do,
n—1

is in the kernel. Since ¢(r) has order n, the elements r,...,r are not in
the kernel, and similarly since (s) has order 2, the element s is not either. It
remains to see that the remaining elements sr,...,sr" ! are not in the kernel.

For n even, when 0 < k < n—1 the permutation ((sr*) takes 1 to n—k, and the
permutation (s~ 1) takes 2 to n. For n odd, when 0 < k < n the permutation
©(sr*) takes 1 ton — k + 1.



It is not true that S, is the smallest symmetric group into which Ds,.
For example, D5 — S5 via the map r — (12)(345) and s — (1 2)(3 4).
It is easy to check that this satisfies the above relations and that the induced
homomorphism is injective. O

Problem 2*. Let A and B be abelian groups. Denote by Hom(A, B) the set
of group homomorphisms A — B.

(a) Explain how Hom(A, B) is naturally an abelian group.
(b) Describe Hom(Z, B) and Hom(C,,, B).
(¢) In particular, for A and B cyclic, compute Hom(A, B).

Solution. For (a), use point-wise addition. More precisely, given f, g € Hom(A, B),
define f + g via
(f+9)a) = f(a) + g(a).

This makes Hom(A, B) an abelian group since associativity and abelian-ness
come from associativity and abelian-ness of the operation in B, the identity is
the constant homomorphism at 0, and the inverse of f is the homomorphism
—f defined by (~f)(a) = —f(a).

For (b), we have
Hom(Z,B)=B and Hom(C,,B) = Bin],

where B[n] = {a € A | na = 0} denotes the n-torsion in B. Indeed, maps from
Z and C,, are determined by the image of 1, and for Z this image can be any
element whereas for C,, this image must be an n-torsion element.

For (c), the answer is

B A=17
HOHI(A, B) = Cgcd(m,n) A= Cm and B = Cn
0 A=C,, and B =7Z.

Indeed the first and third cases follow almost immediately from part (b), and
the second case is the computation

n

Cplm] =ker(xm: Z/nZ — Z/nZ) = ( )Z> /(NZ) = Cyeq(mmy- O

ged(m,n
Remark. The construction in (a) does not work in general when B is nonabelian

since fg may not be a homomorphism. It does however make Hom(A, B) a
groupoid by restricting to the products that become homomorphisms.

Problem 3*. A theorem of Gauss| says that (Z/nZ)*, where n > 1, is cyclic
if and only if n is 1, 2, 4, or p* or 2p* for some odd prime p and k > 0. Use this
to help fill out the following table of information about (Z/nZ)*:


https://en.wikipedia.org/wiki/Multiplicative_group_of_integers_modulo_n#CITEREFGaussClarke1986

cyclic | order | structure

gens

# gens

min size gen set

yes

Cs

15

1 (e.g. {5})

no

CQ XCQ

none

2 (e.g. {3,5})

OO N| | U =W 3

—
o

—_
—_

—
N}

24

122

1125

7938

Solution. The filled out table is as follows:

n cyclic | order structure # gens gens min size gen set
3 yes 2 Cy 1 2 1
4 yes 2 Cy 1 3 1
5 yes 4 Cy 2 2,3 1
6 yes 2 Cy 1 5 1
7 yes 6 Cs 2 3,5 1 (e.g. {5})
8 no 4 Cy x Cy 0 none 2 (e.g. {3,5})
9 yes 6 Cs 2 2,5 1
10 yes 4 Cy 2 7,8 1
11 yes 10 Cho 4 2,6,7,8 1
12 no 4 Cy x Oy 0 none 2
24 no 8 OQ X CQ X CQ 0 none 3
122 yes 60 Cso 16 below 1
1125 no 600 06 X 0100 0 none 2
7938 no 2268 Cs4 X Cao 0 none 2
Note that
122=2-61, 1125=232.5%  and 7938=2.3%.7%

Whether (Z/nZ)* is cyclic is determined by the described theorem of Gauss.
The order of (Z/nZ)* is given by |(Z/nZ)*| = ¢(n), where ¢ denotes the Euler
totient function which can be easily computed using the prime factorization of

n.

Now we determine the structure of the non-cyclic cases. Of course (Z/8Z)*
and (Z/127Z)* are Cy x Cy since they are order 4 but not cyclic. In general, if


https://en.wikipedia.org/wiki/Euler%27s_totient_function#Computing_Euler's_totient_function
https://en.wikipedia.org/wiki/Euler%27s_totient_function#Computing_Euler's_totient_function

n has canonical prime factorization p’fl ---pln . then
(Z/nZ)* = (Z/py"Z)" % --- x (L[p}"T)*

by the Chinese remainder theorem and the general fact that the units in a
direct product of rings is the direct product of the units. Thus, again using the
described theorem of Gauss, we have

(Z)247)% = (ZJ8Z)* x (Z/3Z)* = Cy x Cy x Ca,

(Z/1125Z)X = (Z/9Z)X X (Z/125Z)X = CG X ClOO>

and
(Z.)7938Z)* = (Z/27)* x (Z/3*Z)* x (Z)T*Z)* = Cs4 x Cia.

The number of generators of a noncyclic group is 0, and the number of
generators of C}, is again |(Z/kZ)*| = ¢(k). To find generators for the smaller
cases, just compute by hand, and for the case n = 122, use the following line of
Python:

>>>sorted ([

k
for k in range(122)
if len({(k ** n) % 122 for n in range(122)}) == 60

NP
(7, 17, 31, 35, 43, 51, 55, 59, 63, 67, 71, 79, 87, 91, 105, 115]
Finally, the minimal size of a generating set is 1 in the cyclic case and at most

the number of factors of the structure in the noncyclic case. That Cy x Cy x Cs
cannot be generated by two elements is implied by Problem 8 on HW 5. O

Problem 4*. Find the smallest n > 1 where S,, has an element of order 5n.

Solution. We will show more generally that S,, has an element of order k£ =
pit - pik if and only if
0> pi bt .

Recall that the order of any o € S,, is lem({1, ..., ¥¢,,), where {1, ..., £, are the
lengths of the cycles in the disjoint cycle decomposition of . So the reverse
direction is clear. Conversely, consider a o € S,, with order k that has minimal
length ¢4 + - - - 4+ £,,,, which exists due to the hypothesis. Having minimal length
forces the ¢; to be pairwise coprime since the order of ¢ is given by their lcm.
It also forces each ¢; to be a prime-power since ab > a + b whenever a,b > 2 are
distinct. Thus the ¢; are precisely the prime powers in the prime factorization
of k.

Therefore the following table shows that for n < 12, there does not exist an
element of order 5n in S,,.



no| bn | pit, .ot | P A+ DRE
1 5 5 5
2 110 2.5 7
315 3.5 8
120 15 9
5 | 25 5 25
6 30| 235 11
7135 5.7 12
8 [ 40 8.5 13
9 | 45 9.5 14
10 | 50 2,25 27
11 | 55 5, 11 16
1260 43,5 2

For n = 12, there indeed exists an element of order 60, e.g.
(1234)(567)(8910 11 12). O

Problem 5. Let p be an odd prime. Show that the only groups of order 2p
are Cop, and Day,.

Problem 6. Is the following 4 x 4 sliding tile puzzle solvable?:

1 2 3 4

13 15 14

Solution. No, roughly speaking because the sign of the permutation plus the
manhattan distance of the blank square is an invariant.

More precisely, consider any sequence of positions o1, 09, ... resulting from
valid moves, where o7 is the starting position. Think of the blank square as
16 so that any position o is an element of Sig, for example o = (14 15).
Given a position oy, a move corresponds to swapping 16 with a vertically or
horizontally adjacent number ag, or in other words it multiplies the current
position by a transposition via ox11 = og(ax 16). A move also increases or
decreases the manhattan distance dj between 16 and the bottom-right corner
by exactly 1. Denote by asgn(o) € {0, 1} the additive sign of oj. Then by our
above observations

asgn(og) +dip, =1 mod 2

for all k, so the puzzle cannot be solved because the solved position ¢ is such
that
asgn(o) +d = asgn(1) + 0 = 0. O



Problem T7*.

(a) Show that every dihedral group has an index 2 subgroup, and generalize
this to exhibit an infinite nonabelian group that has an index 2 subgroup.

(b) Denote by S the group of permutations of N, where S, — S, in the
natural way. A theorem of Schreier-Ulam| says that the only proper non-
trivial normal subgroups of S are (J,,~; Sn and |J,,~; An. Use this to
show that S, does not have an index 2 subgroup.

(¢) (Optional) Show that the only groups whose proper nontrivial subgroups
all have index 2 are the simple cyclic groups, Cy, and Cs x Cs.

Solution. For (a), the easy argument is that the subgroup (r) has order n, hence
is an index 2 subgroup. However, here is an argument more suited to the in-
finite case. Intuitively, consider the homomorphism po that detects whether
a symmetry in Ds, of the regular n-gon preserves the orientation of the regu-
lar n-gon, i.e. whether it contains an s. More precisely, consider the induced
homomorphism

po: Dy, —— {-1,+1}
r 1
S 1,
which exists because (see solution to Problem 1)

po(r") =po(s*) =1 and po(sr) = —1=rpo(r 's).

Since ker po = (r), by the first isomorphism theorem (r) has index 2.
The infinite case is now clear. Consider the subgroup D < GL2(R) generated
by a flip and the rotations, i.e.

1 0 cosf —sinf
5= (0 _1> and 1y = (sin@ cos 0 ) for 6 € [0,2m).

Note that srg = r,'s and r,' = 7_g, so any element of D can be written
uniquely as s%rg for some a € {0,1} and 6 € [0, 27). Again

po: D —— {-1,41}
To —_ 1
§— —1

induces a homomorphism D — {—1,+41} since

po(s“rgs“/rgz) = po(5“+“/r9/,9)

= () = (-)* (-1

’

= po(s®rg)po(s® re).


https://mathoverflow.net/a/12307

For (b), recall that any subgroup of index 2 is normal by Problem 6 on
Homework 5, so it suffices to show that both normal subgroups of S, have
index greater than 2. Moreover, since | J,,~; An < U,;>; Sn, it suffices to show
this for the latter.

In fact, we will show that J,,~, S, has infinite index in S. Let £ > 2, and
consider the element oy, € S, defined roughly by

or=(1 k) (k+1 - 2k)--

or more precisely as the bijection o : N — N defined by

{a—l—l aZk—1 modk

ox(a) =

a—(k—1) a=k—-1 mod k.

Certainly oy, has order &k in Soo/UJ,,>1 Sn (in fact also in S.) since oy, .. ., U’,j*l
all move an infinite number of elements and since 0’,2 = 1. Thus k divides the
order of Seo/J,;>1 Sn, i.e. the index of |J,~; Sn. Since k > 2 was arbitrary,
this index is infinite.

For (c), it is clear that the simple cyclic groups, Cy, and Cy x Co satisfy
the criteria. Conversely, let G be a group whose proper nontrivial subgroups all
have index 2.

Suppose for the sake of contradiction that G is infinite. Let 1 < H < G
be a proper nontrivial subgroup, and pick a nonidentity element x € H so that
1< (z) < H < G. Observe that

2[H : ()] = [G: H|[H : (x)] = [G: {z)] = 2.

This shows [H : (z)] = 1, so H = (z). The generator z of this cyclic subgroup
must have infinite order since H is an index 2 subgroup in an infinite group, so

a contradiction. Thus G is finite.

Now let us show that G is simple cyclic, Cy, or Co x Cs. Suppose G is not
simple cyclic, i.e. |G| is not prime. Let p be a prime dividing |G| so that
Cauchy’s theorem produces an element x € G of order p. Since (x) has index
2, already |G| = 2p. Thus the first Sylow theorem ensures G has a nontrivial
Sylow-2 subgroup P, but P cannot be proper because then it would have index
2, contrary to P being Sylow. Hence G = P, i.e. p = 2 and |G| = 4. We conclude
that G is C4 or Cy x Cs. O

Remark. For (a), note that the subgroup of GLy(R) constructed in the solution
is not the so-called linfinite dihedral group, which is defined as (r,s | s! = 1,rs =
sr~1). Indeed the infinite dihedral group is countable, whereas the subgroup in
the solution is uncountable. Instead, what we have constructed is the orthogonal
group and the special orthogonal group SO2(R) < O3(R).

Problem 8. Prove, or disprove and find a minimal counterexample:


https://en.wikipedia.org/wiki/Infinite_dihedral_group

e If G is a finite group and d | |G|, then G has an element of order d.
e If GG is a finite group and d | |G|, then G has a subgroup of order d.

You may use that the list of non-abelian groups in increasing order starts with
Dg, Ds, Qs, D19, D12, As, .. . .

Solution. Certainly the first statement is true for the groups 1, Cs, C3 of order
at most 3. However, it is not true for Cy x C5 since this group does not have an
element of order 4, so this is a minimal counterexample.

For the second statement, note it is true for finite abelian groups, which are
products of prime-power order cyclic groups, for example

Z Z Z Z
0 3 0 3
<(2 707030)7(072 7070)3(07075 70) (0 0 O 5 )> = ﬁ X ﬁ 5137 X 5177

has order 2279.2373.513=0.517=3 — 92527 Tt therefore suffices to consider the
non-abelian groups. The statement is true for the nonabelian groups up to D12
in the list, since the following subgroups have orders that cover all the proper
divisors:

(s), (r) < D1o
<S>7 <T3>’ <7’2>, <T> S D12-

However, A4 does not have a subgroup of order 6 by Problem 10 on Homework
7 (see remark below for a solution), so this is a minimal counterexample. O

Remark. Here is a solution to Problem 10 on Homework 7, which asks you to
prove that A4 does not have a subgroup of order 6. In fact we will prove that the
subgroup lattice of A, is as follows, where as usual the subgroups are collected
by level according to their orders:

Ay
CQ X CQ

C 3 C3 CS C’3

/
\/


https://en.wikipedia.org/wiki/List_of_small_groups#List_of_small_non-abelian_groups

Indeed, the subgroups of order 2 are

((12)(34)),((13)(24)), (1 4)(2 3))

since every such subgroup is cyclic and since these subgroups are pairwise dis-
tinct and contain all order 2 elements in A4. Similarly, the subgroups of order

3 are
((123)),((124)),((134)),((234)).

There is only one subgroup of order 4, namely ((1 2)(3 4),(1 3)(2 4)), by
the following argument. Any such subgroup is isomorphic to Cy or Cy x Cs.
Certainly there are no elements of order 4 in A, (in particular, 4-cycles are not
even), so there is no copy of Cy. The subgroup ((1 2)(3 4), (1 3)(2 4)) is a copy
of Cy x Cy, and it contains all three copies of C5 in A4. Moreover it is the only
copy of Cs x C5 in A4 because any such copy must contain 3 copies of Cs in Ay,
of which there are only 3.

Finally, there are no subgroups of order 6 in A4 by the following argument.
Any such subgroup is isomorphic to Cy x C3 or Dg. The former would be abelian
and generated by an order 2 element and an order 3 element, but it is easy to
argue that no element of order 2 in A4 (i.e. a double transposition) commutes
with an element of order 3 in Ay (i.e. a 3-cycle). Similarly, the latter would
be generated by an order 2 element s and an order 3 element r in A4 such
that 7 = sr~1s~1, but this does not work in A4 because every order 2 element
conjugates a copy of C3 to a different copy of Cs, e.g. (1 3)(2 4) conjugates
((124)) to {(234)).

Problem 9%*.

(a) Show that if S C G is a normal subset of a group, i.e. gSg=* C S for all
g € G, then (S) is normal.

(b) Show that As.52.19 is generated by the permutations of the form

(a1 az az)(by by b3 by bs)(c1 ca c3 cq ¢5)(dy dy -+ dig dig)
where the a;, b;, ¢;, d; are pairwise distinct.

(¢) Show that a nontrivial simple group is generated by its elements of order
p if and only if contains an element of order p.

Solution. For (a), this is Problem 1 on Homework 6. Here is a solution (also on
Bruinlearn) for reference. To show that (S) < G, we will show that c4(s) € (S)
for any s € (S) and g € G, where ¢, denotes conjugation by g. Writing s =
s§t -+ - sén for some s; € S and € € {—1,+1}, compute

€n

cg(s7' - 85) = cg(51) -+ - cg(sn)

using that ¢4 is a homomorphism. Since ¢,4(s;) € S by assumption, the RHS is

in (S).



For (b), first note that the problem statement contains several red herrings.
More generally, let n > 5, fix a nontrivial even cycle type (i.e. one for which
there exists a nontrivial element of As with that cycle type), and consider the
subgroup (S) generated by the set S of permutations of that cycle type. Since
conjugation preserves cycle type, we have 0So~! C S for any o € A,,. Thus by
part (a), the subgroup (S) is normal, and since our cycle type was nontrivial,
so too is (S). Tt follows that (S) = A,, by simplicity of A,, using that n > 5.

For (¢), let G be a nontrivial simple group. The forward direction is immedi-
ate because G is nontrivial. Conversely, suppose x € G has order p, and consider
S = {gzg~! | g € G}. Since conjugation preserves order of elements, S consists
of elements of order p, so it suffices to show that (S) = G. But gSg~! C S by
construction, so (S) is normal in G by part (a) and nontrivial because z € S.
By simplicity of G, we have (S) = G, as desired. O

Problem 10. A group G is said to be k-abelian if (ab)* = a*b* for every
a,b € G. Show that if a group G is k-, (k + 1)-, and (k + 2)-abelian for some
k € Z, then G is abelian.

Solution. Let G be a group that is k-, (k + 1)-, and (k 4 2)-abelian for some
k € Z. Take a,b € G. Then b commutes with a* and a**! since

a* T = ()t = (ab)(ab)® = aba*b*
implies a*b = ba* and similarly
aF T2 — (ab)R 2 = (ab)(ab)Ft! = abaFT1pE !
implies a**t1b = ba**1. Therefore
ab = aba*a™* = aFT1ba* = ba. O

Problem 11. Let p be an odd prime. The Legendre symbol (;) :(2/pZ)* —
{%1} is defined as

(a) B {—i—l a is a square in (Z/pZ)*

p —1 ais not a square in (Z/pZ)*.

Prove that (%’) = (%) (%) for any a,b € (Z/pZ)*.

Problem 12*. Let G < C* the group of p-power roots of unity, where p is a
fixed prime. Show that there exists a nontrivial N < G such that G =2 G/N

G= {exp (22k7r>
pn

and consider the surjective homomorphism

Solution. Write

nZO,kGZ},

p: G —— G

§—— &

10


https://en.wikipedia.org/wiki/Legendre_symbol

with nontrivial ker ¢ 3 exp (z%”) # 1. The first isomorphism theorem gives the
result. O

Problem 13. For which n,m can S,, be embedded into A,,?

Solution. From Midterm II, for which solutions are available on Bruinlearn, for
any n we have S, < A, 42, so

S, <A, for m>n+2.

Certainly
Sn LAy for 2<m<n

since in this case |A,,| = m!/2 < n! = |S,].

For the case m = n+ 1, we will show that S,, cannot be properly embedded
into A,41 for any n. Suppose S, < A,y1 for some n. (We will show that
n = 1, whence the embedding is not proper.) This induces the usual nontrivial
homomorphism

An+1 — S[An+1:Sn] = S"T“

induced by the action of A, 41 on the cosets of S, by left-multiplication. Note
that n is odd in order for (n+1)/2 to even be an integer. Moreover, n < 4 since
if n+1 > 5, then the kernel must be trivial because it is proper whereas A4, 1
is simple, but

(n+1)1/2=]An11| < [Smg1)/2 = (n+1)/2)!

is absurd for n = 5 and even more absurd for n = 7,9,... (this is induction).
Thus n < 4, so n € {1,3}. But A3;1 has no subgroup of order 6 by Problem 10
on Homework 7 (see also remark after Problem 8) and hence has no subgroup
isomorphic to S3, son = 1. O

Problem 14*. A group G is finitely generated if there exists a finite set S C G
such that G = (S). Obviously finite groups are finitely generated, so let us
examine infinite groups.

(a) Show that Z™ is finitely generated.

(b) Show that Q is not finitely generated because its finitely generated sub-
groups are cyclic.

(¢) Show that R is not finitely generated but that it has finitely generated
subgroups that are not cyclic.

(d) Show that the finitely generated group <<(1) }) , (g (1)>> < GL2(Q)

has a subgroup that is not finitely generated, namely the one consisting
of the matrices in the group with ones on the diagonal.

11



Remark. A theorem of Higman, Neumann, and Neumann says that every count-
able group can be embedded into a group generated by two elements.

Solution. For (a), write
7" ={are1+ - +ane, |a1,...,a, €L} = (e1,...,€n).
For (b), note that for any r1/s1,...,7/s, € Q we have

(r1i/s1y .- ymn/sn) < (1/(s1-+ - 50)),

so the subgroup generated by these elements is cyclic because subgroups of
cyclic groups are cyclic. This shows that Q is not finitely generated because Q
is obviously not cyclic.

For (c), observe that

(1, xn) ={a1z1 + -+ anxy | a1,...,an €7}

has countably many elements hence cannot equal R. Moreover, Q@ < R is a
subgroup that by part (b) is not finitely generated.
For (d), denote the group by G. Taking powers of the first generator shows

that (1 k) < @G for any k € Z, and conjugating the first generator by the

0 1
1 1/2¢
0 1

{k/2€|k,eeZ}u{<(1) k/12£>'k,£62}<((1) T><G

where the first group is viewed as a subgroup of Q and not finitely generated
by part (b) since it is not cyclic. O

second shows that < ) € G for any ¢ € Z. Therefore

Problem 15. Given a set of symbols S and a set of relations R which are words
in these symbols, the group (S | R) is the quotient of the free group generated
by S by the normal subgroup generated by R. Find a presentation of the groups
Z,Z/nZ, and Z x Z.

Problem 16. Denote by

(-1 =1
i’ =42 =k =ijk=-1

—1 is central

Q8 = <_177;aj7k

the |quaternion group. For G € {Qs, Ds} do the following:
(a) Show that |G| = 8, and write down the multiplication table of G.

(b) Determine the subgroup lattice of G, and optionally for each subgroup
determine its normalizer.

12
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(c) Find all 2-element subsets S C G such that (S) = G.
(d) For each N < G, compute the isomorphism class of G/N.
(e) Determine the conjugacy classes of G.

Solution. Here are the answers, without proofs.
For (a), one can show that

G = {15 _17i7 _i7.ja _jak7 _k}

and that the (condensed) multiplication table of G is

1| 4 Jj k
T11] i | | k
i li | =1 k | =5
Tl =k | =1 i
k1 k| J | =i ] -1

For (b), the subgroup lattice is as follows:

Qs

The normalizer of any subgroup is (g, i.e. every subgroup is normal.
For (c), the subsets of order 2 that generate Qg are

{£i, 45}, {£i, £k}, {2, £k},

i.e. 12 subsets.
For (d), the quotient by (—1) is Klein-four.
For (e), the conjugacy classes are {1}, {—1}, {i,—i}, {j,—j}, {k,—k}. O

Problem 17*. (Do Problem 16 first, or look at the answers to it in Solutions.)
Let G be a finite group. Prove or disprove:

(a) If all subgroups of G are normal, then G is abelian.

(b) There exists H, K < G, one normal, such that G = HK and HNK = 1.

(c) There exists an injection G — S)g|—1-

13



(d) If H < G, then there exists N < G such that G/N = H.
(

e) If N < @G, then there exists H < G such that G/N = H.

)
)
(f) f HHK <G and G/H = G/K, then H = K.
(9) If H,K <G and H = K, then G/H = G/K.

Solution. For (a), all subgroups of Qs are normal, but Qg is not abelian since
ij =k # —k = ji.

For (b), if H, K < Qs and Qs = HK, then H and K must be distinct index
2 subgroups of Qg, but then H N K = {—1,+1}.

For (¢), we will show that in fact Qg does not inject into any symmetric group
smaller than Sg. Recall that a finite group G acts on a finite set X faithfully if
and only if G < S|x|. When |X| < |G/, this requires

(|l H=1,
1<H<G
because otherwise if g # 1 is in this intersection, then
[G: G, =|Gz| < |X| < |G|

implies g € G, for every z € X. But for QJg, we have
(| H={-1+1}
1SH<Qs

For (d), there is a copy of Cy = (i) < Qg, but the only order 4 quotient of
Qs is Qs/(—1) = C2 x Ca.
For (e), there is quotient Cy x Cy = Qg/(—1), but the only order 4 subgroups
of Qg are cyclic.
For (f), observe that
L)% x /AL , ., o /2L X /4L
T gy =2
((1,0),(0,2)) ((0,1))

but in Z/27Z x Z/47 we have
((1,0),(0,2)) = Cy x O 2 Cy = ((0, 1)).
For (g), observe that in Z/2Z x Z/4Z we have
((1,0)) = C2 ={(0,2)),

but
7.)27 x 7./AZ 7.)27 x 7./AZ
((1,0)) ((0,2))
Remark. Cayley’s theorem exhibits an injection G < S| for any finite group
G, so part (c) is asking whether this |G| is sharp.

204%02X02% U
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Problem 18%*. Show that a transitive group action is the same thing as left-
multiplication on a coset space. More precisely, show that if G acts transitively
on a set X, then X 2 G/G, as G-sets for any = € X.

Solution. Let us start with some general facts about maps of G-sets of the form
¢: G/H - G/K:

e for fixed g € G, the function p(xH) = zgK well-defined if and only if
hgK = p(hH) = ¢(H) = gK
if and only if g7'Hg C K

e ¢ is determined by @(H), since if p(H) = gK for some g € G, then by
G-linearity p(xH) = xzgK for any z € G

e ¢ is injective if and only if xgK = gK (i.e. x € gKg~') implies 2 € H if
and only if gKg~' C H

e ¢ is surjective since for any y € G, we have p(yg 'H) = yg 19K = yK.

Now suppose G acts transitively on a set X. It suffices to show the following
two things: G/G, =2 G/G, for any a,b € X, and X = G/G,, for some a € X.

For the first, since GG acts transitively, a and b are in the same orbit, so their
stabilizers are conjugate, say ¢~ 'Gqg = Gp. Then by above, for any g € G, the
function ¢: G/G, — G/G, given by ¢(xG,) = xgG} is an isomorphism.

For the second, pick any a € X, and define f: X — G/G, by f(b) = gG,
where g € G is such that ga = b. This is well-defined because if ha = b for some
h € G, then

h=lga=h"tb=a,

so h™lg € G,, i.e. hG, = gG,. This is surjective since for any h € H, we have
f(ha) = hG,. Finally, this is injective because if f(b) = f(c) for some b, c € X,
then ga = b and ha = ¢ for g,h € G where ¢G, = hG,, but then

b=ga=gg tha=gg lc=c. O

Problem 19*. Show that a finite group is not the union of the conjugates of
one of its proper subgroups.

Solution. Let G be a finite group and H < G. Since G acts transitively on the
conjugates Conj(H) of H, by Problem 18 we have

G/Na(H) = G/Gp = Conjg(H),

|Conjg(H)| = |G/Na(H)| < |G : H].
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It is now clear that when H is proper G cannot be the union of the conjugates of
H because, roughly speaking, the cosets of H partition G whereas the conjugates
of H intersect at 1. More precisely

U K| <[Conje(H)|(|H|-1)+1

KeConjg(H)
<|G:H|(JH|-1)+1
=|G|—-[G: H+1,
which can equal G only when G = H. O

Problem 20*. Let G be a finite group, and let d € N. Prove and generalize,
or disprove:

(a) If d | |G|, then G acts transitively on a set with d elements.

(b) If |G| = 144, then G acts transitively on a set with 9 elements.

Solution. For (a), if G acts transitively on a set X with d elements, then by
Problem 18 we have X = G/H as G-sets for some H < G, so G has an index
d subgroup. Thus for G = A4 and d = 4 the statement is false since A4 does
not have a subgroup of order 6 by Problem 10 on Homework 7 (see also remark
after Problem 8).

For (b), write |G| = 144 = 2*.32. The first Sylow theorem ensures the
existence of a Sylow 2-subgroup P where |P| = 16, whence G/P is a transitive
G-set with 9 elements. O

Problem 21. A group G is solvable if there exist subgroups
1=N;dNyd--- <IN, 1 N, =G

such that N;;1/N; is abelian for i = 1,...,r — 1. Prove the following using the
isomorphism theorems:

(a) A subgroup of a solvable group is solvable.
(b) The homomorphic image of a solvable group is solvable.

(¢) Show that if N < G and G/N are solvable, then G is solvable.

Problem 22. Show that any p-group or any group G with order pq, p?q, p*q>,
or pqr where p, q,r are primes is solvable.

Problem 23. Recall that

xf fori=1,....,.n—1
Sy = <x1,...,xn1 (z;zip1)® fori=1,...,n—2 >
(z;27)% for i < j and |j — i > 1

via the isomorphism 7; = (i ¢ + 1) 4 ;.
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(a) Two triple transpositions in Sg share 0, 1, 2, or 3 transpositions. In each
case, what is the cycle type of their product?

(b) Find an automorphism Sg — Sg that takes transpositions to triple trans-
positions, and hence is not an inner automorphism.

Problem 24*. Let G be a group. The commutator of x,y € G is defined to
be [x,y] = zyz~ly~!, and the commutator subgroup G’ < G is the subgroup

generated by all commutators.
(a) Show that G is a abelian if and only if G’ = 1.

(b) Show that G’ is the smallest normal subgroup with abelian quotient, i.e.
if N 9 G and G/N is abelian, then G’ < N.

(¢) Show that any subgroup containing G’ is normal.

Solution. For (a), at once G is abelian if and only if xy = yx for all z,y € G if
and only if [x,y] =1 for all z,y € G if and only if G' = 1.

For (b), let N < G be such that G/N is abelian. Then for all tN,yN € G/N
we have [z,y]N = [xN,yN] =1, i.e. [z,y] € N. Therefore G’ < N.

For (¢),let G’ < H < G. Then H/G' < G/G' since G/G' is abelian, so H is
normal by the correspondence of normal subgroups under a quotient. O

Problem 25. Show that a proper subgroup of a p-group is properly contained
in its normalizer.

Problem 26*. Compute the order of the normalizer Ng, (C') where C' < 5, is
a cyclic subgroup of order p.

Solution. Let C' < S, be cyclic of order p. Then Ng, (C) is the stabilizer of
C' under the conjugation action of S, in Conj SP(C)~ This action is transitive
because the Sylow p-subgroups in S, are the cyclic order p subgroups, and by
the second Sylow theorem these are all conjugate. Moreover, there are (p — 2)!
subgroups conjugate to C' because there are (p —1)! order p elements in S, and
because the subgroups they generate either agree or intersect trivially. Thus by
orbit-stabilizer

INs, (C) =[Sl /(p = 2)! = p(p — 1). L

Problem 27. Let G be a finite group and X a finite G-set. Prove Burnside’s
lemma:

1
[ X/G| = @ZIXQL

geqG

Deduce that a finite group acting transitively on a non-singleton set has a fixed-
point-free element.

Problem 28%.
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(a) (Optional) Prove the following extension of Bézout’s identity: For a,b € N
coprime and ¢ > (a—1)(b— 1), there exists x,y > 0 such that ax+by = c.

(b) Let G be a finite group of order 35. Determine the set of the sizes of the
finite G-sets with no fixed points. Optionally, generalize.

Solution. For (a), see |Answer 70040 on MSEL

For (b), let S(G) denote the set (which we wish to compute for |G| = 35) of
the sizes of the finite G-sets with no fixed points for a finite group G. For any
H < G, the G-set G/H has no fixed points, so |G|/|H| € S(G). Moreover, if
a,b € S(G), then a + b € S(G) by taking a disjoint union, and notice that a
G-set has a fixed point if and only if it has an orbit of size 1.

Suppose now |G| = 35. There exists a subgroup of order 5 and one of order 7
by Cauchy’s theorem, so 35/5 =7,35/7 = 5 € S(G). By part (a), every number
> (5—-1)(7—1) =24 is in S(G). Conversely, by orbit-stabilizer any orbit must
have order dividing 35, so it follows that S(G) is generated (as a monoid) by 5
and 7, i.e. the numbers in S(G) that are less than 24 are

5,7,10,12, 14, 15,17, 19, 20, 21, 22.

Therefore
S(G) =11,2,3,4,6,8,9,11,13,16, 18,23}.

The same argument works whenever |G| = pq for p, ¢ distinct primes. O

Problem 29*. Let H be a nontrivial p-group for some prime p.

(a) Show that the center of H is nontrivial, using that the size of a conjugacy
class in a finite group divides the order of the group.

(b) Write |H| = p™ for some n > 1. Show that H has a subgroup of order p*
for every 0 < k < mn.

(¢) Suppose H injects into a finite group G with coprime order. Prove and
generalize, or disprove and fix: H contains all elements in G that have
order p.

Solution. For (a), the cited fact is Problem 2 on Homework 8, whose solution
is as follows: a conjugacy class is the orbit of an element under the conjuga-
tion action of G on itself, so it divides |G| when G is finite by orbit-stabilizer.
Moreover, recall that the conjugacy class of an element has size 1 if and only if
the element is central and also that conjugacy classes form a partition. Since
|H| = p™ for some n > 1 and since conjugacy classes of non-central elements
have size = 0 mod p, there must be p central elements.

For (b), we proceed by induction on n. The n = 1 case is trivial, so fix
n > 1 and suppose every p-group of order p™ for 0 < m < n has subgroups
of all possible orders. Suppose |G| = p"T!. By part (a), the center Z(G) is
nontrivial, say |Z(G)| = p* for some 1 < ¢ < n + 1. By the inductive hypothesis
the groups Z(G) and G/Z(G) have subgroups of all possible orders, i.e. Z(G)
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has subgroups of sizes p* for 0 < k < ¢ and G/Z(G) for 0 <k <n+1—/ The
subgroups of Z(G) are already subgroups of G, and the subgroups of G/Z(G)
correspond (via the correspondence of subgroups under a quotient) to subgroups
of G of sizes p* for £ <k <n+1.

For (c), despite H being a Sylow p-subgroup, this is false since H may not
be normal in G, i.e. the conjugates of H can contain other order p elements.
For example, let H = (), inject into S, as the subgroup generated by a p-cycle.
By the solution to Problem 26, there are (p — 1)! elements of order p in S, so
certainly H does not contain all elements in S, of order p when p > 5.

To fix the statement, add the assumption that H is normal in G. Then if
g € G has order p, it is trivial in G/H because G and H have coprime order, so
ge H. O

Problem 30. Suppose G is a finite simple group that has a proper subgroup
of index n. Recall that |G| | nl. Show that in fact |G| | $n!.

Solution. Assume |G| > 3, since otherwise it is obvious. Consider the injection
G — S, induced by left-multiplication on cosets of H, where we have used that
G is simple. Since A,, is normal in S,,, the preimage G N A,, is normal in G, so
GNA,islorG.Ifit is 1, then

|GAn| = |G||An| > 3|An‘ > ‘Sn|
is absurd. Thus G < A,,. O

Problem 31. (Optional) The homophonic group H is the group generated by
the 26 letters of the English alphabet modulo homophones, i.e. two English
words with the same pronunciation are equal in H. Show that H is trivial.

Problem 32. Let G be a group, and let S,T < G be subgroups.
(a) Show that ST =TS if and only if ST < G if and only if T'S < G.

(b) Show that if S or 7' is normal, then equivalent statements in part (a) hold.

Solution. For (a), it suffices by symmetry to show that ST = T'S if and only if
ST <G.

Suppose ST = T'S. Recall that a nonempty subset of a group is a subgroup
if and only if the subset is closed under differences. Certainly ST is nonempty
since 1 € ST. Thus, let st,s't’ € ST, where s,s' € S and t¢,t’ € T. Since
t't='s7! € TS = ST, we have t't"1s~! = s"t" for some s” € S and " € T.
Therefore

(s't)(st)"t = st s = 55" € ST,

whence ST < G.
Conversely, suppose ST < G. If g € ST, then st = g~! € ST for some s € S
and t € T, so
g=(g H t=(st) P =t"tsteTS.
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On the other hand, if ts € T'S where t € T and s € S, then
ts = ((ts) ) 1= (st )"t esT

since ST < @G.
For (b), this is part of the second isomorphism theorem. Spelling it out, if
T is normal, then ST < G since

(') (st) P =sttsT =55 (st sT) € ST

for any s,s’ € S and t,t' € T, and if S is normal, then a symmetric argument
shows that T'S < G. O

Problem 33*. Let G be a group with N < G and H < G. Show that the
following definitions for G' being the inner semidirect product of N and H are
equivalent:

(1) G=NHand NNH =1
(1)) G=HN and HNN =1
(13) for every g € G, there exists unique n € N and h € H such that g = nh
(13)" for every g € G, there exists unique h € H and n € N such that g = hn
(#it) H — G — G/N is an isomorphism
Solution. We will show that
(i17) & (11) < (i)' & (i) < (ii).

The equivalence of (i) and (7)" is immediate from Problem 32 since NH =
HN.

Let us show that (7) and (i) are equivalent. Suppose (i), and let g € G. For
existence, using that G = N H, there exists n € N and h € H such that g = nh.
For uniqueness, if n’ € N and h' € H also satisfy g = n'h/, then n’h’ = nh, so

n'n'=h(h)'e NNH=1,

i.e. n’ =n and b’ = h. Now suppose (i7). The existence part of the hypothesis
ensures G = NH. To see that NN H = 1, let ¢ € N N H. Then writing
g = 1g = g1, the uniqueness part of the hypothesis requires g = 1.

By swapping the order of N and H in the above paragraph, we also get that
(7)" and (i7)" are equivalent.

Now let us show that (i7)" implies (éi7). Supposing (i¢)’, define the map

G——H
hn —— h,
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which is a homomorphism because
(haN)(W'n'N) = hnh'n'N = (R0 )((R") " *nh/n) = hI/,

where (h/)~'n'h’ € N because N is normal. Since N is in the kernel of this
map, by the universal property of quotients it factors through G/N. Thus we
have the following two maps, where the top map is the one in the hypothesis
and the bottom map is the one we have constructed:

h —— hN
H —G/N

h +—— hnN.
These are inverse because
h—=hN=hIN—h and hnNw— h— hN = hnN.

To see that (ii¢) implies (#¢)’, suppose (ii7). Since G — G/N has kernel
N, the kernel of the composite is H N N, which is therefore trivial because the
composite is an injection. Moreover, the image of the composite is {hN | h € H}
which is equal to G/N because the composite is a surjection. Thus if g € G,
then gN = hN for some h € H,so h"'g € N,i.e. g=hn forsomen € N. [O

Problem 34%*. Show that D,,,, where n > 3, is a nontrivial semidirect product
but that neither Cy nor Qg is.

Solution. For Dy, consider the subgroups (s) < Dag, and (r) < Ds,, which is
normal since it is index 2. Then (almost) by definition, any element of Ds,, can
be written uniquely as s%r® where a € {0,1} and b € {0,...,n — 1}. Therefore
Do, satisfies equivalent definition (i7)" in Problem 33.

For Cy = Z/AZ, the only nontrivial subgroup is (2), so in order for Z/47Z to
be a nontrivial semidirect product, we must have

N=H=(2).

But this violates equivalent definition (¢) in Problem 33.
For Qg, that Qg does not satisfy equivalent definition (¢) in Problem 33 is
exactly the statement of part (b) of Problem 17. O

Problem 35. Let p be a prime, set X = {1,...,p}, and let G < S, be transi-
tive.

(a) Show that G acts on X transitively if and only if G has a Sylow p-subgroup.
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(b) Define ng and r¢ for a Sylow p-subgroup P < G as follows:

S, \

G Ns, (P)
/

(P)

e
SN

rGe

P

d
1
Show that ng and rg are independent of the Sylow p-subgroup P < G.
Note that |G| = ngrgp and that r¢ | (p — 1) by Problem 26.

(¢) Show that if r¢ =1, then G = C,,.

(d) Suppose |G| = nrp where r < p is also prime, n > 1, and n = 1 mod p.
Show that r = rg and n = ng. Moreover, show that any nontrivial N < G
is transitive and that ny = n and rny = r. Deduce that G is simple.

Solution. For (a), if G acts on X transitively, then X = G/H for some H < G by
Problem 18, so p = | X| | |G|. Conversely, if p | |G|, then G contains an element
of order p, which must be a p-cycle o since p is prime, and o(1),...,0P(1) covers
all points of X.

For (b), since Sylow p-subgroups are all conjugate, their normalizers are con-
jugate, so their normalizers have the same order. This proves the independence.
Moreover Ng(P) is the stabilizer of P under the conjugation action of G on
the Sylow p-subgroups, so by orbit stabilizer [G : Ng(P)] is size of the orbit of
P, ie. ny. Finally, |G| = ngrgp is just the tower law. Similarly, if P < G is
a Sylow p-subgroup, then [Ng, (P)| = p(p — 1) by Problem 26, so again by the
tower law

[Ns,(P) : Na(P)lrg = [Ns,(P) : P] = p(p — 1),

where r¢ { p implies r¢ | (p — 1).
For (c), our assumption translates to ng = |G|/p. Observe that G contains

np(p—1) = |G| = ng

elements of order p, none of which have a fixed point. But since |G| = ng for
every x € X, by our observation there are exactly ng elements that fix all of X.
Thus ng = 1 since only the identity in S}, fixes all of X.

For (d), note that r = rg and n = ng, as follows. Since rn = rgng, we have
r = rg mod p by Sylow and by assumption. But r < p by assumption, and
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rg < p since rg | (p — 1) by part (b). So r = rg, whence n = ng. Now suppose
1 < N < G. The action of N on X is also transitive: its orbits have the same
size, namely

[NI/INz| = [N|/|G N N|

where the G, N N are all conjugate, so since |X| = p and N # 1, there is only
one orbit. Thus
IN| =nnrNp

by parts (a) and (b). Moreover, ny = n since (a) ensures N contains one of the
Sylow p-subgroups of G and since normality ensures that N contains the others.
Finally, rx > 1 by part (c¢) because |N| > np > p using that n > 1, so since

nryp = |[N|| |G| = nrp
and since r is prime, we have ry =71, i.e. N =G. O

Problem 36. A Steiner system| S(¢, m,n) for positive integers £ < m < n is a
collection of distinct size-m subsets of {1,...,n} called blocks such that every
size-¢ subset of {1,...,n} is contained in exactly one block. The automorphism
group Aut(S(¢, m,n)) is the subgroup of S,, taking blocks to blocks.

(a) Explain how the following picture depicts a S(2,3,7):

(b) Suppose there exists a S(¢,m,n) for some ¢ > 2. Show that there exists
a S(¢ —1,m —1,n — 1) such that its automorphism group is a stabilizer
subgroup of the action of S(¢,m,n) on {1,...,n}. Moreover, show that if
Aut(S(¢,m,n)) is k-transitive, then Aut(S(¢{—1,m—1,n—1))is (k—1)-
transitive.

(¢) There exists |a unique S(5, 6, 12) and ja unique S(5,8,24). Denote by Moy
and M5 their automorphism groups which are both 5-transitive and which
are called Mathieu groups. Spam part (b) to fill out or make sense of the
first three columns of the following table:
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group order transitivity | simple | sporadic
My, |29.3%.5.7-11-23 5 yes
M3 yes
M22 yes
Moy yes no
MQ() no no
Mo 26.3%.5.11 5 yes
My yes
Mo no no
My no no
Mg no no

(d) Show that Mosy, Moz, Mso, Mo, and My; are simple, using that Mo
is simple (but not sporadic), Problem 35, and the following simplicity
criterion, which is Theorem 9.25 in Rotman’s Introduction to the Theory
of Groups. Let X be a faithful k-transitive G-set for some k& > 2, and
assume G has a simple stabilizer subgroup. Then the following are true:

— If k > 4, then G is simple.
— If k > 3 and | X| is not a power of 2, then G = S3 or G is simple.
— If k > 2 and | X| is not a prime power, then G is simple.
Solution. For (a), label the vertices 1, ..., 7 from top-to-bottom and left-to-right

(this is arbitrary), and take the blocks to be the triplets of vertices connected
by a line (counting the middle circle), i.e.

{1,2,5},{1,3,7},{1,4,6},{2,3,6},{2,4,7},{3,4,5},{5,6,7}.

It is easy to see that any pair of distinct numbers is in exactly one of these
blocks, either by brute force or by observing that any two vertices in the picture
uniquely determines a line that they are contained in.

For (b), set x =n € {1,...,n} (by relabeling, we can choose z € {1,...,n}),
and consider

Sl—-1,m—-1,n—-1)={B—{z} € S¢,m,n) |z € B}.

These are indeed blocks of size £ — 1 in {1,...,n—1}. To see that it is a Steiner
system, given a size-(m — 1) subset S, there exists a unique block B € S(¢,m,n)
containing S U {x}, whence B — {z} € S({ —1,m — 1,n — 1) is a unique block
containing .S. Moreover,

Aut(S(l—1,m—1,n—1)) = Aut(S(¢,m,n)),.

Finally, the proof of the statement about k-transitivity is similar to the above
proof that S(¢ — 1,m — 1,n — 1) is a Steiner system.
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For (c), the filled out table, where the fourth column will be determined in
part (d), is

group order transitivity | simple | sporadic
Myy | 3:-16-20-21-22-23-24 5 yes yes
Mos 3-16-20-21-22-23 4 yes yes
Mo 3-16-20-21-22 3 yes yes
Moy 3-16-20-21 2 yes no
Myg 3-16-20 1 no no
Mo 8-9-10-11-12 sharply 5 yes yes
My, 8-9-10-11 sharply 4 yes yes
My 8-9-10 sharply 3 no no
My 8-9 sharply 2 no no
Mg 8 sharply 1 no no

For (d), since 23 and 11 are prime, to show M3 and Mj; are simple it
suffices to check the hypotheses in part (d) of Problem 35. Note Mas < Sa3 acts
transitively on {1,...,23} by part (a) of Problem 35 since 23 | | Ma3]. Since

it suffices to take
r=11 and n = |M23|/(1123)

because then |Maz| = nrp is such that r < 23 = p is prime and n > 1 satisfies
n =1 mod 23. Similarly My, < Sy is transitive since 11 | | M|, and since

|Mi1|/11=5 mod 11,

we may take
r=5 and n=|M;|/(5-11).

For Ms4 and Mjs, note that they have stabilizer subgroups Ms3 and My re-
spectively by parts (b) and (c). Since Ma3 and M, are simple, by the simplicity
criterion M4 and Mo are automatically simple since they are both 5-transitive.
Similarly, Mss has stabilizer subgroup Mas;, which is given in the problem to
be simple. Since Mys is 3-transitive and since |Mag| is clearly not a power of
2, by the simplicity criterion My is either S5 or simple, and certainly it is not
Ss3. O
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